Let {0 = w 0 < w 1 < w 2 < . . . < w m } be the set of weights of binary Steinhaus triangles of size n, and let W i be the set of sequences in F n 2 that generate triangles of weight w i . We obtain the values of w i and the corresponding sets W i for i ∈ {1, 2, 3, m}, and partial results about w m−1 and W m−1 .
Introduction
An extended abstract of this paper has been publised under the title Extreme Weights in Steinhaus Triangles [4] .
Let F 2 be the field of order 2 and x = (x 0 , . . . , x n−1 ) ∈ F n 2 a binary sequence of length n. We shall often write sequences x as words x = x 0 x 1 . . . x n−1 . The derivative of x is the sequence ∂x = (x 0 +x 1 , x 1 +x 2 , . . . , x n−2 +x n−1 ). It is clear that the mapping ∂ : F n 2 → F n−1 2 is linear and exhaustive, and that its kernel is formed by the two sequences 0 = (0, 0, . . . , 0) and 1 = (1, 1, . . . , 1). If y = (y 0 , . . . , y n−2 ) ∈ F n−1 2 , then the two sequences x ∈ F n 2 such that ∂x = y are x 0 = (0, y 0 , y 0 + y 1 , y 0 + y 1 + y 2 , . . . , y 0 + y 1 + y 2 + . . . + y n−2 ) and x 1 = 1 + x 0 , and they are called the primitives of y.
We define ∂ 0 x = x, ∂ 1 x = ∂x and, for 2 ≤ i ≤ n − 1, ∂ i x = ∂∂ i−1 x. The Steinhaus triangle of the sequence x is the sequence T (x) formed by x and its derivatives: T (x) = (x, ∂x, . . . , ∂ n−1 x). For i ∈ {0, . . . , n − 1}, the component ∂ i x of T (x) is the i-th row of the triangle. Figure 1 represents T (x) for the sequence x = (0, 0, 0, 1, 0, 0, 1). The grey and white circles represent ones and zeros, respectively; the first row corresponds to x and the following rows to the iterated derivatives. Each entry of the triangle is the binary sum of the two values immediately above it. It is easily shown by induction that the ℓ-th entry of the j-th row ∂ j x is (∂ j x) ℓ = j k=0 j ℓ x j+ℓ , (j ∈ {0, . . . , n − 1}, ℓ ∈ {0, . . . , n − 1 − j}).
If x ∈ F n 2 and k ≥ 1 is an integer, a subtriangle of size k of T (x) is the Steinhaus triangle generated by k consecutive entries of a row ∂ j x.
The weight of a sequence x = (x 0 , . . . , x n−1 ) is the number |x| of ones that contains: |x| = #{i ∈ {0, . . . , n − 1} : x i = 1}. The weight of the triangle T (x), denoted by |T (x)| is the sum of the weights of its rows:
The set S(n) of Steinhaus triangles of size n is an F 2 -vector space and the mapping T : F n 2 → S(n) defined by x → T (x) is an isomorphism. Then, the vector space S(n) can be seen as a linear code of length n(n + 1)/2 and dimension n. In general, it is difficult to find the weight distribution of the words of a linear code; in particular, this seems to be the case for the code S(n). Here, we focus on the smallest and largest values of the weight distribution of S(n). To be precise, let 0 = w 0 < w 1 < w 2 < . . . < w m−1 < w m be all the weights of the triangles of S(n). For i ∈ {0, . . . , m}, an i-sequence is a sequence x such that |T (x)| = w i . We denote by W i the set of i-sequences. The number of entries in a Steinhaus triangle of size n is n(n + 1)/2. The original problem was to decide if, for some i, the value of w i is n(n + 1)/4. A natural question is to ask which are the lowest and greatest values of the w i . Obviously, only one triangle exists with weight 0, which is that generated by the sequence 0, so w 0 = 0 and W 0 = {0}. Our goal is to determine w 1 , w 2 , w 3 and w m , and the corresponding sets W 1 , W 2 , W 3 and W m . Furthemore, we give w m−1 and W m−1 for sequences of length n ≡ 1 (mod 3) and a conjecture for n ≡ 0, 2 (mod 3).
We shall assume the length n of the sequences, the size n of the triangles, and the dependence on n of the values w i and the sets W i . However, if it is convenient to make them explicit, we shall use superscripts. Thus, x (n) means that the sequence x has length n, and w (n) i means the value w i for triangles of size n, etc. Also, we denote by m = m(n) the maximum i such that there exist i-sequences of length n.
If we apply a clockwise rotation of 120 degrees to the graphical representation of a Steinhaus triangle, we obtain the Steinhaus triangle generated by the sequence of the right-side of the triangle read from top to bottom (the sequence r(x) = (1, 1, 1, 0, 1, 1, 1) in Figure 2 , left). Given x, we define r(x) as the sequence which has as j-th entry the last entry of the j-th row of T (x), that is,
Applying a rotation of 240 degrees to the graphical representation of a Steinhaus triangle, we obtain the Steinhaus triangle generated by the sequence of the left-side of the triangle read from bottom to top (the sequence ℓ(x) = (1, 0, 0, 1, 0, 0, 0) in Figure 2 , left). Given x, we define the sequence ℓ(x) as the sequence which has as j-th entry the first entry of the (n − 1 − j)-th row of T (x), that is,
Applying a symmetry with respect to the height of the inferior vertex, we obtain the triangle generated by the sequence which consists in reading x from right to left, (i(x) = (1, 0, 0, 1, 0, 0, 0) in Figure 2 , right). Given x, we define i(x) by
The mappings r, ℓ, i : F n 2 → F n 2 are linear and, as rℓ = ℓr = id and i 2 = id, they are bijectives. Obviously, {id, r, ℓ, i, ri, ℓi} is a group of automorphisms of F n 2 isomorphic to the dihedral group D 6 . Two sequences x and y are equivalent if there exists f ∈ D 6 = {id, r, ℓ, i, ri, ℓi} such that y = f (x). A triangle T (x) is univocally determined by x, as well as by any of the sequences r(x), ℓ(x) and i(x); in particular, triangles generated by equivalent sequences have the same weight. Note that, given x, the six triangles T (f (x)) with f ∈ D 6 are not necessarily distinct because of possible symmetries. For instance, in Figure 2 , we have that r(x) and ℓ(ix) are equal, so both generate the same triangle.
When writing sequences in form of words, we shall use a dot to represent concatenation. Thus, 101 · 01 = 10101. We also shall use the following notation: x 1 x 2 . . . x p stands for the infinite sequence obtained by repeating x 1 x 2 . . . x p , and x 1 x 2 . . . x p [n] is the sequence formed by the first n entries of x 1 x 2 . . . x p . For instance, 100 [4] = 1001, 100 [5] = 10010, and 100 [6] = 100100.
2. The cases n ≤ 4 Proposition 2.1 summarizes the sequence w 1 < . . . < w m and the sets W 1 , . . . , W m when n ≤ 4. The proof consists of a simple checking and thus is omitted. (ii) If n = 2, then m(2) = 1, w 1 = 2, and W 1 = {11, 10, 01}.
(iii) If n = 3, then m(3) = 2, w 1 = 3, w 2 = 4, W 1 = {111, 100, 001, 010} and W 2 = {110, 011, 101}.
(iv) If n = 4, then m(4) = 4, w 1 = 4, w 2 = 5, w 3 = 6, w 4 = 7, and 
The canonical basis
In the following sections we use some bounds on the weight of the triangles generated by the sequences of the canonical basis of F n 2 . Here, we obtain these bounds and, in some cases, the exact value.
Consider the vectors of the canonical basis of F n 2 :
Our first result gives the exact weight of the triangles T (e k ) for k ∈ {0, 1, 2, 3}. (i) For n = 1, it is trivial. Let n ≥ 2 and assume the result true for n − 1. We have ∂e 0 = e (ii) For n = 2 and n = 3 it can be checked immediately that |T (e . Hence, by induction hypothesis,
(iii) For n ∈ {3, 4, 5, 6, 7}, it can be checked immediately that |T (e
2 )| = 3 = 2n − 3, |T (e (4) 2 )| = 5 = 2n − 3, |T (e (5) 2 )| = 7 = 2n − 3, |T (e (6) 2 )| = 8 = 2n − 4 and |T (e (7) 2 )| = 11 = 2n − 3. Assume n ≥ 8 and that the result is true for values lower than n. Observe that
Hence,
2 )| =|e
(iv) For n ∈ {4, 5, 6, 7}, it can be checked immediately that |T (e 3 )| = 9 = (9n − 27)/4. Assume n ≥ 8 and that the result is true for values lower than n. Observe that
Hence, 2 Since e n−1−k = i(e k ), we have |T (e n−1−k )| = |T (e k )|. Hence, to calculate the weight of the triangles T (e k ) it is sufficient to consider the values k ≤ (n − 1)/2. Thus, in the rest of the section we can assume n ≥ 2k + 1. k )| for 9 ≤ n ≤ 15 and 4 ≤ k ≤ (n−1)/2. We see that |T (e (n) k )| ≥ 2n − 3 and that, for n = 12 and n = 14 the inequality is strict. Proposition 3.3 generalizes these observations. Proposition 3.3 Let k ≥ 4 and n ≥ 9 be integers with k ≤ (n − 1)/2. Then, |T (e Proof Table 3 .1 shows that the result is true for 9 ≤ n ≤ 15. Let n ≥ 16 and assume the result true for values lower than n (and greater or equal than 9). We use the facts that r(e
The argument is casuistic on the weight of r(e
, by induction hypothesis we have,
Moreover, if n is even, then n − 2 is also even and by induction hypothesis the inequality is strict. Now consider the case when |r(e (n) k )| = 2. First, suppose that the two ones are the last two coordinates. If r(e (n)
k , a contradiction. Hence, the two ones of r(e (n) k ) are not the last two coordinates. This implies |r(e
As before, if n is even, n − 2 is also even and the inequality is strict.
Finally, consider the case |r(e (n)
The first three derivatives are
1-sequences
In this section we assume n ≥ 4. The unique sequence of
, which is 0 (n−1) = 0[n − 1], has the two primitives 0 ∈ W 0 and a 1 = 1. We shall see that W 1 is exactly the equivalence class of a 1 . As a 1 = i(a 1 ), the class of a 1 contains the three sequences
Remark 4.1 Note that a 2 = e 0 i a 3 = e n−1 (see Figure 4) .
Figure 4: The sequences a 1 , a 2 = r(a 1 ) i a 3 = ℓ(a 1 ) for n = 5.
Remark 4.2 It is clear that |a
Harborth [14] observed that the minimum weight of non-zero Steinhaus triangles of size n is n and that |T (a 1 )| = |T (a 2 )| = |T (a 3 )| = n; that is, w 1 = n and A ⊆ W 1 . For the sake of completeness, in this section we include the proof that w 1 = n; we also prove that W 1 = A.
Proof By induction on n. For n = 4, according to Proposition 2.1, we have W 1 = A and the result holds. Let n ≥ 5 and assume that the result is true for n − 1.
, then we can apply the induction hypothesis and we have |T (∂x)| > n − 1. Since x = 0, we have |x| ≥ 1. Then,
as we wanted to prove. Now assume that ∂x ∈ W (n−1) 0
If we check that |x| ≥ 2, then |T (x)| > n as wanted. Table 4 .1 gives, for each ∂x = a (n−1) i , the two primitives x of a (n−1) i . In two cases we have x ∈ A, against the hypothesis. In the other four cases, bearing in mind that n ≥ 5, it is immediately obtained that |x| ≥ 2. ✷ ∂x x a Table 4 .1: Sequences x with ∂x ∈ A (n−1) (n ≥ 5).
As a consequence of Proposition 4.3, we have the following theorem:
Proof
The triangles generated by a 1 , a 2 and a 3 have weight n and, by Proposition 4.3, all the triangles generated by sequences of
2-sequences
For n = 1 and n = 2, we have m(n) = 1, so to study 2-sequences it must be n ≥ 3. The case n = 3 has been studied in Proposition 2.1, and it turns out that w = {110, 011, 101}. In this section we assume n ≥ 4.
To find w 2 and W 2 we use an inductive argument on the size n of the triangles, but the cases n = 6 and n = 7 do not follow the general rule. Thus, the inductive argument needs to begin with the basic case n = 8. Then, for 4 ≤ n ≤ 8, we use a computer-aided exhaustive search which gives the results displayed in Table 5 .1. For n ∈ {4, 5, 8}, the set W 2 is an equivalence class. The set W (6) 2 is the reunion of the two equivalence classes {010000, 110000, 000010, 101010, 010101, 000011} and {001000, 000100, 001100}, and W (7) 2 is the reunion of the two equivalence classes {0100000, 0000010, 0101010} and {0001000}. Note that in Table 5 .1 the value w 2 depends on n according to the formula w 2 = ⌊3n/2⌋−1 = ⌊(3n − 2)/2⌋ (for n = 3, the formula gives 3 instead of the correct one w 2 = 4). n w 2 W 2 4 5 {0100, 0011, 1010, 0010, 0101, 1100} 5 6 {01000, 00010, 01010} 6 8 {010000, 110000, 001000, 000100, 001100, 000010, 101010, 010101, 000011} 7 9 {0100000, 0001000, 0000010, 0101010} 8 11 {01000000, 11000000, 00000010, 10101010, 01010101, 00000011} n ⌊3n/2⌋ sequences x with |T (x)| = ⌊3n/2⌋ 4 6 {1001, 0110, 1110, 0111} 5 7 {11000, 00100, 01100, 00110, 10101, 00011} 6 9 − − − 7 10 {1010101, 1100000, 0000011} 8 12 − − − Table 5 .2: Sequences x with |T (x)| = ⌊3n/2⌋, for 4 ≤ n ≤ 8. Table 5 .2 gives the sets of sequences which generate triangles of weight ⌊3n/2⌋. We see that for n ∈ {4, 5, 7}, we have w 3 = ⌊3n/2⌋ = w 2 + 1 and, for n ∈ {6, 8}, w 3 > ⌊3n/2⌋. This will be useful later.
The primitives of a Table 5 .1, for n = 4, we have W
Proposition 5.4 Let n ≥ 4 be an integer.
Figure 5: The sequences b i for n = 8 in the top (case n even), and n = 9 in the bottom (case n odd).
(ii) If n is odd, then
Proof We use that
and |a
(i) Since n is even, we have |b 1 | = n/2. Then, (ii) Since n is odd, we have |b 1 | = (n + 1)/2 and |b 4 | = (n − 1)/2. Then,
)| = (n + 1)/2 + n − 1 = (3n − 1)/2, and 
Proof By induction on n. For n = 8 we have seen in Table 5 .1 that the sequences in B (8) are exactly the 2-sequences and that they generate triangles of weight 11 = ⌊(3n − 1)/2⌋. Therefore, all sequences in F Thus, for n = 8 the result holds. Now, suppose that n ≥ 9 and that the result holds for
. Since x ∈ W 0 , it follows |x| ≥ 1. If |x| = 1, then x = e k for some k ∈ {0, . . . , n − 1}. By symmetry we can consider k ≤ (n − 1)/2. As x = a 2 = e 0 and x = b 2 = e 1 , it must be k ≥ 2. By Proposition 3.1, if k = 2 we have |T (x)| = |T (e 2 )| ≥ 2n−4 > ⌊(3n−1)/2⌋; for k = 3, we have |T (x)| = |T (e 3 )| ≥ (9n−27)/4 ≥ ⌊(3n−1)/2⌋; and for k ≥ 4, we have |T (x)| = |T (e k )| ≥ 2n−3 > ⌊(3n−1)/2⌋, as we wanted. Then, in the following we can assume |x| ≥ 2.
Consider the sequence ∂x. Finally, consider the case when ∂x = b i ∈ B (n−1) . By Proposition 5.4, |T (b Table 5 .4 shows the sequences x such that ∂x ∈ B (n−1) . In four cases, x ∈ B, a contradiction. In the eight remaining cases, then |x| > 3 holds (recall n ≥ 9). Then,
✷ As a conclusion of the section, we have the following theorem:
Theorem 5.6 Let n ≥ 6. Then w 2 = ⌊(3n − 2)/2⌋ and the set W 2 is the following: Table 5 .4: Sequences x with ∂x ∈ B (n−1) .
(iv) if n ≥ 9 and n is odd, then
Proof Note that if n is even, then ⌊(3n − 2)/2⌋ = (3n − 2)/2; if n is odd, ⌊(3n − 2)/2⌋ = (3n − 3)/2.
(i) i (ii) The cases n = 6 and n = 7 follow from Table 5 .1.
(iii) If n ≥ 8 is even, the sequences in B generate triangles of weight (3n − 2)/2, and the sequences in F n 2 \ (W 0 ∪ W 1 ∪ B) generate triangles of weight strictly greater than (3n − 2)/2. Therefore, w 2 = (3n − 2)/2 and W 2 = B.
(iv) If n ≥ 9 is odd, the sequences b 2 , b 4 , and b 6 generate triangles of weight (3n − 3)/2, the sequences b 1 , b 3 , i b 5 generate triangles of weight (3n − 1)/2 (one unity more than the previous) and the sequences of F n 2 \(W 0 ∪W 1 ∪B) generate triangles of weight strictly greater than (3n − 1)/2. Therefore, w 2 = (3n − 3)/2 and W 2 = {b 2 , b 4 , b 6 }. ✷
3-sequences
From the results of the previous section we can easily solve the problem of determining w 3 and W 3 when n is odd. Proof The case n = 7 follows from Table 5 .2. Thus, we can assume, n ≥ 9. If n is odd, we have seen that We make the same argument for per a c 4 = 1100[n]. The only difference is that, now, |c 4 | = (n + 1)/2. We obtain, |T (c 4 )| = (n + 1)/2 + 3n/2 − 3 = 2n − 2. By Remark 6.2,
The inductive argument we use is not valid for n = 8 and n = 10, so we take n = 12 as the basic case. The particular (computer-aided) study of cases n = 8, n = 10 and the basic case n = 12 give the results summarized in Proposition 6.5. (ii) w different from c i , form the equivalence class of g = 11110000. Indeed, in the list above, they are g, r(g), ℓ(g), i(g), r(i(g)) and ℓ(i(g)), respectively.
Remark 6.7 For n = 10, there exist six equivalent sequences that generate triangles of weight 2n − 3 = 17. They are x = 0001000000, r(x) = 0000001100, ℓ(x) = 0010001000, i(x) = 0000001000, i(r(x)) = 0011000000, i(ℓ(x)) = 0001000100.
But, for n = 14 no sequence x exists with |T (x)| = 25 = 2n − 3.
Proposition 6.8 Let n ≥ 12 be even and
Proof By induction on n ≥ 12 even. For n = 12, we have seen that w (12) 3 = 21 = 2n − 3 and that the sequences that generate triangles of weight 21 are, exactly, those in C (12) . Let n ≥ 14 be even and let us suppose the proposition true for even values lower or equal to n − 2 (and greater than or equal to 12).
We have |x| ≥ 1 because x ∈ W 0 . If |x| = 1, then x = e k for some k which, by symmetry, we can assume to be k ≤ (n − 1)/2. Since e 0 = a 2 ∈ W 1 , e 1 = b 2 ∈ W 2 , and e 2 = c 5 ∈ C, it must be k ≥ 3. From Thus, we can assume that |x| ≥ 2. By induction hypothesis,
it is sufficient to see that s = |x| + |∂x| ≥ 4.
If |x| ≥ 4, then obviously s ≥ 4. If |x| = 3, then |∂x| ≥ 1 and s ≥ 4. If |x| = 2, as x = b 5 and x = b 3 , we see that x contains the sequence 0110 or two non-consecutive ones; in both cases, |∂x| ≥ 2, and s ≥ 4, too.
It can be checked in Table 6 .1 that if ∂ 2 x ∈ W 0 , then x ∈ W 0 ∪W 1 ∪W 2 , which contradicts the hypothesis on x. Then, ∂ 2 x ∈ W 0 . 
If we prove that |x| + |∂x| > n − 1, then |T (x)| = |x| + |∂x)| + n − 1 > 2n − 2 > 2n − 3, as wanted. Table 9 .1 1 shows, for each a
, the four possibles sequences x such that ∂ 2 x = a (n−2) i . For those x ∈ W 0 ∪ W 1 ∪ W 2 ∪ C, a lower bound of the sum |x| + |∂x| is given; in all cases the bound is > n − 1.
. By Proposition 5.4 (and because n is even),
If we prove that |x| + |∂x| > (n + 2)/2, then |T (x)| > 2n − 3, as wanted. Table 9 .2 shows, for each b
. For x ∈ W 0 ∪ W 1 ∪ W 2 ∪ C, a lower bound of the sum |x| + |∂x| is given. In all cases the sum is > (n + 2)/2.
Finally, suppose that ∂ 2 x ∈ C (n−2) . By Proposition 6.4 (and because n is even),
If we prove that |x| + |∂x| > 5, then |T (x)| > 2n − 3, as wanted. Table 9 .3 shows, for each c
As a conclusion of the section, we have the following theorem:
Theorem 6.9 Let n ≥ 10 be an even integer.
(ii) If n ≡ 2 (mod 4), then w 3 = 2n − 4 and
Proof [14] observed that w m = ⌈n(n+1)/3⌉ and gave sequences that generate triangles with this weight; that is, sequences in W m . In this section we determine the set W m and re-obtain the value of w m .
For n ≥ 2, define
and
Remark 7.1 If n ≡ 0 (mod 3), then z 2 = r(z 1 ) and z 3 = ℓ(z 1 ) (see Figure 7 , top left). If n ≡ 2 (mod 3), then z 2 = ℓ(z 1 ) and z 3 = r(z 1 ) (see Figure 7 , top right). If n ≡ 1 (mod 3),
, and z 3 = i(z 1 ) (see Figure 7 bottom).
Proof Lemma 7.6 states the result for n ∈ {4, 5}. Thus, we can assume n ≥ 6. Consider first the case n ≡ 0 (mod 3), and let x = (x 0 , x 1 , . . . , x n−1 ) ∈ F n 2 . Consider the q = n/3 Steinhaus triangles S 0 = T (x 0 x 1 x 2 ), S 1 = T (x 3 x 4 x 5 ) , . . ., S q−1 = T (x n−3 x n−2 x n−1 ). For i ∈ {0, . . . , q − 2}, between two consecutive triangles S i = T (x 3i x 3i+1 x 3i+2 ) and S i+1 = T (x 3i+3 x 3i+4 x 3i+5 ) there is a smaller triangle t i with two rows (not a Steinhaus triangle) formed by the entry x 3i+2 + x 3i+3 in the first row and x 3i+1 + x 3i+3 and x 3i+2 + x 3i+4 in the second row (see Figure 8) . Let S i ∪ t i be the sequence formed by all entries of S i and t i ; and analogously we define 
Consider the case |S i | = 4 and |t i | = 3. The unique sequence in Z (3) that can produce a triangle t i with |t i | = 3 is 011; that is S i = T (011). Then, we have x 3i+3 = 0, x 3i+3 + x 3i+4 = 0, and x 3i+4 = 0. Hence, |S i+1 | ≤ 3. Then |S i ∪ t i ∪ S i+1 | ≤ 4 + 3 + 3 = 10. If, moreover, |t i+1 | = 3, then |S i+1 | = 0 and, as a consequence, |S i ∪ t i | ≤ 7, |S i+1 ∪ t i+1 | = 3 and |S i ∪ t i ∪ S i+1 ∪ t i+1 | ≤ 10 < 12. Therefore, an upper bound of s 3 (x) is obtained by counting as if each of the q = n/3 triangles S i were of weight 4 and each of the q − 1 = (n − 3)/3 triangles t i were of weight 2; that is, s 3 (x) ≤ 4n/3 + 2(n − 3)/3 = 2n − 2.
Consider now the case n ≡ 1 (mod 3). We follow a similar notation as above, but taking as S 0 the first three rows of T (x 0 x 1 x 2 x 3 ). We first study the concrete case n = 7; we have 2n − 2 = 12. As before, let t 0 = (x 3 + x 4 , x 2 + x 4 , x 3 + x 5 ) and S 1 = T (x 4 x 5 x 6 ). If |S 0 | ≤ 5, then s 3 (x) = |S 0 ∪ t 0 ∪ S 1 | ≤ 5 + 3 + 4 = 12 and the result holds. So we can assume that |S 0 | has the maximum value |S 0 | = 6. If |t 0 | ≤ 2, then s 3 (x) = |S 0 ∪ t 0 ∪ S 1 | ≤ 6 + 2 + 4 = 12, and we are done. Only the case |S 0 | = 6 and |t 0 | = 3 remains. These conditions imply that x 0 x 1 x 2 x 3 = 1011, in particular x 3 = 1. Since |t 0 | = 3, we have x 4 = x 5 = 0 and x 4 + x 5 = 0. Then |S 2 | ≤ 3, and we conclude s 3 (x) = |S 0 ∪ t 0 ∪ S 1 | ≤ 6 + 3 + 3 = 12. Thus, the result is proved for n = 7.
Assume now n ≡ 1 (mod 3) and n ≥ 10. Let x ′ be the sequence obtained from x by removing the first four coordinates and x ′′ the sequence obtained from x by removing the first seven coordinates. The lengths of x ′ and x ′′ are multiples of 3, so s 3 (x ′ ) ≤ 2(n−4) −2 = 2n − 10 and
If |t 0 | = 3 and |t 1 | ≤ 2, the condition |t 0 | = 3 implies that |S 1 | ≤ 3 and we have s 3 (x) = |S 0 ∪ t 0 ∪ S 1 ∪ t 1 | + s 3 (x ′′ ) ≤ 6 + 3 + 3 + 2 + 2n − 16 = 2n − 2. Finally, if |t 0 | = |t 1 | = 3, it is easy to check that |S 1 | = 0, and therefore,
If n ≡ 2 (mod 3), the argument is similar to the case n ≡ 1 (mod 3). The only difference now is that S 0 is formed by the three first rows of T (x 0 x 1 x 2 x 3 x 4 ) and x ′ and x ′′ are obtained from x by removing its first 5 and 8 coordinates, respectively. The maximum value of |S 0 | is now 8, but this graeter value is compensated by the lower ones s 3 (x ′ ) ≤ 2(n−5)−1 = 2n−12 and
For n = 4, the triangles generated by the sequences h 1 = 1001, h 2 = r(h) = 1110 and h 3 = ℓ(h 1 ) = 0111 have weight |T (h i )| = |T (z 2 )| = 6, and they do not belong to Z. Proposition 7.8 shows that for n ≥ 5, the triangles generated by sequences not in Z have weight smaller than those generated by sequences in Z.
Proof For n ∈ {5, 6, 7} the result is a direct verification. Let n ≥ 8 and assume that the result holds for lower values of n (and bigger than 4).
, by induction hypothesis |T (∂ 3 x)| < |T (∂ 3 z)|, and by Proposition 7.7,
. There exist 24 sequences x such that ∂ 3 x ∈ Z (n−3) . Table 9 .4 shows the 6 possible values of ∂ 2 x, the 12 possible values of ∂x, and the 24 possible sequences x. However, three of these 24 sequences belong to Z, so we consider only the remaining 21, which we have numbered x 1 , . . . , x 21 . Now, Table 9 .5 shows, for each x i , i ∈ [21], upper bounds of |∂ 2 x i |, |∂x i |, and |x i |. We see that, s 3 (x i ) < 2n − 3 for n ≥ 8 (the inequality for x 14 is (5n − 1)/3 < 2n − 3, which is satisfied only for n ≥ 9, but it is routine to check that s 3 (x (8) 14 ) = 12 < 13 = 2 · 8 − 3). Then,
for all z ∈ Z. ✷ Theorem 7.9 Let n ≥ 2 be an integer. The maximum weight of the triangles of S(n) is w m = ⌈n(n + 1)/3⌉. Moreover,
Proof According to Proposition 2.1, the result is true for n ∈ {2, 3, 4}. Let n ≥ 5. From Proposition 7.8, the triangles of maximum weight are triangles in the set {T (z 1 ), T (z 2 ), T (z 3 )}. Proposition 7.4, gives the weight of triangles in this set:
If n ≡ 0, 2 (mod 3), then
If n ≡ 1 (mod 3), then
Thus, triangles T (z 1 ), T (z 2 ) and T (z 3 ) give maximum weight ⌈n(n + 1)/3⌉, except if n ≡ 1 (mod 3); in this case, only T (z 1 ) and T (z 3 ), give the maximum weight because T (z 2 ) has weight one unity less. ✷ Moreover, the corresponding sequences in W m−1 are given in Table 9 .6. We see that, for n = 4, 5, 6, 7, 8 and 9, the number of non-equivalent sequences in W m−1 is 2, 2, 7, 1, 2 and 5, respectively.
The case n = 7 can be derived from the results in the previous section, as well as all cases when n ≡ 1 (mod 3), as shown in the following Theorem. . Then, 
Large tables
(n + 2)/2 + (n − 2) Table 9 .1: Sequences x such that ∂ 2 x ∈ W 1 (n ≥ 12 even). (n + 2)/2 + (n − 3) 10[n − 2] · 00 (n − 2)/2 + (n − 3) Table 9 .2: Sequences x such that ∂ 2 x ∈ W 2 (n ≥ 12 even). Table 9 .3: Sequences x such that ∂ 2 x ∈ C (n−2) (n ≥ 12 even). Table 9 .6: The sequences in W m−1 for 4 ≤ n ≤ 9.
